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2Following the Doppler tracking calculations described
in Ref.[4], we nd that the optical path length between
















































and jx  yj denotes the Cartesian





















points from spacecraft i at the time of emission, t
i
, to
spacecraft j at the time of reception, t
j
. Finally, the
quantity () is the parameterized wave variable
() = t()  
^

  x() : (6)
Explicitly, the time and position depend on the parame-













The variation in the Cartesian distance between the
spacecraft can be separated into a contribution due to
the Sun and other Solar system bodies, and a small per-
turbation due to the gravitational wave. Denoting the
unperturbed spacecraft locations by x
0
(t) and integrat-


























































The gravitational wave dependent terms in the above
equation can be ignored as they are down by a factor
of v = jdx(t)=dtj ' 10
 4
compared to the leading order































































h() d : (12)











to make a change of variables in the integration. Dening


































where we have used the relationship
^

 =  n^. To leading
order in h, the time of reception t
j
is dened in terms of
the time of emission t
i



















































































)) T (!; t
i
; n^) (20)
and the transfer function takes the form
T (!; t
i






























) is the angular transfer frequency for
the arm.
The connection between the optical path length vari-
ations and the detector output depends on the interfer-
ometer design. The original proposal was to use laser
transponders at the end-stations to send back a phased
locked signal. A more recent proposal is to eliminate the
transponders and turn LISA into a virtual interferometer
where the signal is put together in software. The raw in-
gredients for this procedure are the phase dierences be-
tween the received and transmitted laser light along each
3arm. The signal transmitted from spacecraft i that is re-
ceived at spacecraft j at time t
j
has its phase compared to





dierence has contributions from the laser phase noise,


































































the laser frequency. We have included the variations in










what follows we will ignore the orbital contributions to
the phase shift as they can be removed by high pass l-
tering. The subscripts on the noise sources identify the
particular component that is responsible: C
i
is the phase




the shot noise in the photodetector on spacecraft j used




denotes the noise introduced by the accelerometers
on spacecraft j that are mounted on the optical assem-
bly that points toward spacecraft i.
The three LISA spacecraft will report six phase dier-
ence measurements which can then be used to construct
a variety of interferometer outputs. The simplest are the
three Michelson signals that can be formed by choosing
one of the spacecraft as the vertex and using the other
two as end-stations. The Michelson signal extracted from



































Unfortunately, the Michelson signals will be swamped by
laser phase noise, so a more complicated virtual interfer-
ometer signal has to be used. The X variables are a set
of three Michelson-like signals that cancel the laser phase

















































































Given a gravitational wave signal h(q;
b

), a model of the
instrument noise, and a description of the interferome-
ter's orbit, we can use equations (15), (22) and (25) to
calculate the detector response. Since the entire calcu-
lation is performed in Barycentric coordinates, the time
t that appears in (23) and (25) is not the time  mea-
sured by the clock on spacecraft 1. They are related by






However, since we only need to work to leading order in
v, there is no need to distinguish between t and  .
Our expression for the LISA response is much more
complicated than the previous approximate descriptions.
The time-variation of the optical path lengths is the main
cause of the diÆculty. It is responsible for the implicit
relations that riddle the calculation. The path length
variations have three main causes - intrinsic, tidal, and
pointing. The intrinsic variations are part and parcel of
the cartwheel orbit, which only keeps the distance be-
tween the spacecraft constant to leading order in the or-
bital eccentricity. The tidal variations are caused by the
gravitational pull of other solar system bodies, most no-
tably the Earth and Jupiter. The pointing corrections
are a relativistic eect caused by the nite propagation
speed of the lasers, which means that the spacecraft move
between transmission and reception. The latter eect can








































Ignoring tidal distortions and working to second order





















(t). Here (t) = 2f
m
t +  is the orbital phase
and f
m
= 1=year is the orbital frequency. The mean
armlength L is related to the eccentricity e and semi-
major axis a by L = 2
p
3ae. Setting L = 5 10
9
meters
yields e = 0:00965 10
 2
. The spacecraft have velocities




. Using these numbers we see
that the lowest order intrinsic variation is far larger than
the pointing variation. The tidal variations turn out to
be comparable to the intrinsic variation[6] and therefore
should not be ignored.
III. STATIC LIMIT
As a point of reference, we can apply our general
method to a static, equal arm detector interacting with a




 =  n^ direction with principle polariza-
tion axes p and q:


























 q^ + q^ 
 p^ : (31)




= cos 2 e
+





= sin 2 e
+
+ cos 2 e

: (32)














cos 2   A
+
sin 2 ) e
2if(t+n^x)
: (33)















(t  L)   Æ`
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 n^; f)) (36)
and

































Orienting the detector in the x   y plane according to
Figure 2 of Ref. [1], we have
r^
12
= cos(=12) x^+ sin(=12) y^
r^
13
= cos(5=12) x^+ sin(5=12) y^ : (38)



















































=   cos  sin(2+ =6): (39)
The above collection of equations, (35) through (39),
fully dene the detector response in the static limit. The
X variable response x
1












) = D(n^; f) : h(f; ) : (40)
Our expression (40) for s
1
(t) agrees with that quoted in
Ref.[4]. In the low frequency limit, f  f

, the transfer


















The beam pattern factors
F
+













































) cos 2 cos 2 













) cos 2 sin 2 
+cos  sin 2 cos 2 

: (43)
Notice that the overall factor of
p
3=2 compared to a
detector with 90
o
arms come out naturally in our calcu-
lation.
IV. LOW FREQUENCY LIMIT
As a further point of reference, we can apply our
general result to the low frequency limit considered in
Ref.[1]. The low frequency limit is dened by the condi-




 1=(2L) is the typical trans-
fer frequency along each arm. A LISA mission with
L = 5  10
9
meter arms has a transfer frequency of
f

= 0:00954  10
 2
Hz. The motion of the LISA con-
stellation is included to leading order in the eccentricity,
and the gravitational wave is taken to be monochromatic,
plane-fronted and propagating in the
b

















. The basic Michelson signal consid-


















This expression ignores the time variation of the arm-
lengths due to higher order terms in the orbital eccen-
tricity or perturbations from other solar system bodies.









































































The expression for the strain in the detector can be re-
arranged using double angle identities to read:
s
1





The amplitude modulation A(t), frequency modulation

D
(t) and phase modulation 
P




















(t) = 2fn^  x
1
(t)

















Using the orbits described in the Appendix, the coordi-
nates of each spacecraft are given to leading order in the
eccentricity by
x = a cos() + ae
 




y = a sin() + ae
 






3ae cos(  ) ; (53)
where  = 2f
m
t +  is the phase of the guiding center
and  = 2n=3 +  is the relative phase of each space-
craft in the constellation (n = 0; 1; 2). The unit vectors
r^
ij
(t) can be derived from the coordinates given in (53).











+ (3 + cos 2)

cos 2(9 sin 2  sin(4(t)  2))






sin(3(t)   2  )













9 cos(2   2)
  cos(4(t)  2  2)

  6 sin 

cos(3(t)   2  )
+3 cos((t)  2+ )
i
(55)
Finally, for circular Newtonian binaries, the polarization


































The parameters  and  dene the initial location and







in Cutler's[1] equations (3.3)











. Our compact expression (49) for the low frequency
limit agrees with Cutler's[1] result, but the agreement
is by no means obvious. The equality can be established
using a computer algebra program or by direct numerical
evaluation.
V. SPECTRAL NOISE
The variation in the optical path length will be re-




(t) enters into the X variable as





















) = L, yields the standard result






















(f) is the noise spectral density in the photode-










where the brackets <> denote an ensemble average. The
situation is much more complicated when the armlengths
vary since













6Because `(t) varies with a one year period, the transfer
function will develop sidebands at fnf
m
where n takes
integer values. Working to zeroth order in v and lowest
order in e we have
t
1
(t) ' t  2L
12
(t) : (63)
Using the expression (29) for L
12


















is a Bessel function of the rst kind of order k,
allows us to write


































The dependence on the Bessel functions tells us that
the sidebands only become signicant for frequencies ap-
proaching f

=e  1 Hz. Below the transfer frequency
f

 10 mHz it is safe to ignore the time variation of the
arm lengths in calculations of the noise transfer functions.
VI. DISCUSSION
We have shown that our general expression for the
LISA response function reproduces the standard static
and low frequency limits. However, we have said little
about how the general result should be used. Given a
specic model for the orbit, such as the simple Keple-
rian model described in the Appendix, it is possible to
solve the implicit relations for the detector orientation,
arm lengths and emission times, as we did in equations
(27), (29) and (63). These can then be used to give ex-
plicit expressions for the Michelson or X variables. We
did not quote these expressions as they are very large
and not very informative. Ultimately, any application
that requires the full LISA response function is likely to
be numerical. It is a simple matter to write a computer
program that returns the LISA response function using
equations (25), (22) and (15). If one is only interested
in sources with frequencies below  5 mHz, the low fre-
quency approximation (49) will suÆce, but for accurate
astrophysical parameter estimation above 5 mHz, the full
LISA response function has to be used.
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Appendix: Keplerian Spacecraft Orbits
For a constellation of spacecraft in individual Keple-
rian orbits with an inclination of i =
p
3e the coordinates











3e) sin  cos  + cos  sin

z =  r sin(
p
3e) cos  : (66)
where  = 2n=3 +  (n = 0; 1; 2) is the relative orbital
phase of each spacecraft in the constellation,  is the






1 + e cos 
: (67)
Here a is the semi-major axis of the guiding center and
has an approximate value of one AU.
To get the above coordinates as a function of time we
rst note that the azimuthal angle is related to the ec-




















   =    e sin : (69)
For small eccentricities we can expand equations (68) and
(69) in a power series in e to arrive at





sin( ) cos( )+: : :
(70)
Substituting this series into equation (66) and keeping
terms only up to order e gives us
x = a cos() + ae
 




y = a sin() + ae
 






3ae cos(  ) : (71)
These are the desired coordinates of each spacecraft as
a function of time. Notice that by keeping only linear
terms in the eccentricity we are neglecting the variation
in the optical path length. The path length will change
due to the Keplerian orbits, but these eects enter at
O(e
2
) and above.
